I'JIABA 11

DJIeMEHThI TEOPUH MOJYTPYIIII

JIEKIINA 7

HeorpanuyienHsbie JinHeliHbIE OIlepaTOPbI

XoTs MeTojaMu TJIaBbl I HaM yJ1aj0ch UCCIEIO0BATH MHOTHE 3aJadi MaTeMaTHIeCKOi (hU3UKH,
HEKOTOPBIE BIIOJIHE KJIACCHYIECKUE 3a/[a9i He MOI'yT OBIThH MCC/Ie0BaHbl TakuM obpaszom. Hampumep,
ecJIM 3alucarh JIMHeiHOe ypaBHEHNE TeILJIOIPOBOIHOCTHA WK KoJiebaHUuil B BUIE

U= Au,

no06HOM 3asade (2) jeknuu 3, To omeparop A OKAXKeTCs HE02PAHUMEHHVLM JIMHEHHBIM OIIepaTo-
pom. IToaTomMy MBI cTaJKUBaeMcsi ¢ HEOOXOIMMOCTBIO OIIEPUPOBATH ¢ HEOIPAHUYIEHHBIMU JIMTHEHHBIMU

omnepaTopaMH.
§ 1. HeorpanuyeHHbIe JINHENHBIE OMEPATOPHI

Harmomaum HEOOXOuMbBIE OIpeIeIeHHs.
Onpenenenune 1. Jluretinvim mHoz000pasuem B JIMHEHHOM MIpocTpancTBe X HAJl YUCIOBBIM I10-

aem K (3aech u nanee K = R nin K = C) HasbiBaeTcs Takoe HEIycToe MHOXKECTBO L, 410
Y\ peK, Ve,ye L e+ py € L.

Onpenenenne 2. Jlunednvim onepamopom, NeRCTBYOIUM U3 JIMHEHHOTO npocTpancTBa X Hajl
quc/I0BbIM nosieM K B JIMHEHHOe TPOCTPAHCTBO Y HaJl TeM 2Ke YUCJI0BBIM 1osieM K, Ha3blBaeTcst Takas
dyukmua A, aro
1) eé obnacrpb onpenenenus D(A) ectb uneiinoe Mmuoroobpasue B X;

2) Va,y € D(A),V\, up € K Az + py) = Nz + pAy.

(B masibHeiiem, KaK mpaBusio, HAC Oy/yT HHTEPECOBATh HE IIPOM3BOJIbHBIE JINHEHHbIE TPOCTPAH-
cTBa, a GAHAXOBBL. )

XapakTepHoii 0COGEHHOCTHIO HEOTDAHUIEHHBIX JIMHEHHBIX OIIePATOPOB SABJISIETCS TO, YTO OHU OIIpe-
JleJIeHbl He Ha BCEM mpocTpaHcTse X .

IIpumep 1. Mycre X = Cla,b], D(A) = C'a,b], A = % : X — X. Kak noxkasbiBaer mnpu-
Mep x,(t) = sinnt, onepatop A HeOrpaHUUeH.

Bamevanue 1. Jlerko Bumers, aro omeparop A : Ca,b] = Cla,b] (1. e. D(A) = C'[a, b)) orpanu-
aen u ||A|| < 1. OgHako HaM, KaK IpaBUIIO, GyIeT HYZKeH OIEPATOD, NeliCTBYIOMMA 13 HEKOTOPOIo
faHaxoBa MPOCTPAHCTBA B HETO K€, TI09TOMY IIPUXOJUTCA MUPUTHCS ¢ HEOIPDAHUIEHHOCTBIO.

Hpumep 2. Myers X =12, D(A) = {z € * | Yoo, |kaW 2 < +o0}, A: 12 — 12

Az = A(zW 2@ 2@ ) = (W 22P 30 ). (1)



OueBniHO, A sBJIIETCST HEOTPAHUYEHHBIM oriepaTopoM: ||Ae,, || = m. Kpowme Toro, oneparop, onpe/ie-
néunblit popmyoit (1)), He MozkeT GBITH onpeenén Ha BeéM mpocrpancTse [2 (co snavenusamu B [2),

IIOCKOJIbKY, HallpUMep,

11
1,—, =, ... 2 1,1.1,... 2, 2
(Lg5e) et g )

[TockOJIbKY MBI pACCMATPUBAEM OIEPATOPHI, ONpEIe/IEHHbIE HE Ha BCEM IMPOCTPAHCTBE, BEChMa
BayKHBIMU OKa3BIBAIOTCSI [TOHSITUST CY?KEHUsI U TTPOIOIZKEHUSI.

Omnpenenenne 3. Oneparop T Ha3BIBAETCS NPodosdiceruem orepaTopa S, a omepaTop S — cyotce-
nuem oreparopa 1, ecan
1) D(S) € D(T),

2) Ve € D(S) Sz =Tx.
B stom ciyuae mamyT: S C T

IIpumep 3. MoxKHO mostyuuth cyzxkenue oneparopa A usz npumepa [, ecin B Kadecrse 06JacTu
OIIpE/JIeJICHNsT HOBOI'O OIIEPATOPA B3sITh MHOYKECTBO BCEX (PUHUTHBIX MOCJIEI0BATEILHOCTE (T. €. Ta-
KHX, Y KOTOPBIX OTJINYHO OT HyJIsl JIUIb KOHEYHOE YUC/I0 4ieHOB). OUeBUIIHO, 9TO MHOXKECTBO 0Opa-
3yeT JmHeiHoe MHOroo6pasmue B 2.

YiKe MOHATHE CYMMbI HEOIDAHHYCHHBIX ONEPATOPOB BLI3BIBACT 3aTPYy/IHEHHE: YTOOLI OIpeje-
muth (S+T)z, HyKHO, YTOOBI 9JIEMEHT & IPUHAJJIEZKAT 00JIACTIM OIpPeIe/IeHnsT 000MX OTIePaTOPOB S
u T'. TlosToMy MBI JIOJIZKHBI JIATh CJIEJLYIOIIEe

Onpepenenne 4. Cymmoil uHeiiHbIX omepatopos S u T HasbiBaercs Takas dyHKims (0603HA-
qaemas S + 1), aro
1) D(S+T)=D(S)ND(T);

Q)Ve e D(S+T) (S+T)x =Sz + Tx.

CymMMa JIMHEHHBIX OIlepaToOpoB — JIMHEHHBI orepaTop (cM. 3agady .

Takum 0O6pazoM, npu GuNOAHEHUL A100BLT JeTUCMEUT ¢ HEOZPAHUMEHHLMU AUHETIHLMU ONEPATMO-
pamu Heobxodumo naxodumu obaacmo onpedeaerus peaysvmupyrowezo onepamopa! Moxker ciyanTb-
cst, aro D(T) ND(S) = {Ax} (mockombKy 06e 0bacTH ONpE/IeIeH s CYTh JHHEHHBIE MHOr000pa3us,
HYJIEBOI 3JIEMEHT OHM COJlepKaT), u Torja omeparop S + T Gyjger uMeTh TPUBHAILHYIO 00JIaCTh
OIIpEICIICHUSI.

C ompesiesieHneM yMHOXKEHUST JTHHEHHOTO OllepaTopa Ha IHCJI0 TPYJIHOCTEN He Bo3HUKaeT. [lepeii-
JIEM K OIpEJIEJIEHUIO TIPOM3BEIEHNUST JIBYX JIMHEHHBIX OTIEPATOPOB.

Onpenenenune 5. llycte S : X — Y, T : Y — Z. Torna ux npoussedenuem TS : X — Z
HAa3bIBAETCS CIIeyIomas (OYHKITHI:

1) D(TS)=SYD(T))={xeD(S)c X |SzeD(T)CY},
2) Ve € D(TS) (T'S)x =T(Sz).
[IpousBejicHre TMHEHHBIX OIIEPATOPOB — JIMHEHHBII orepaTop (CM. 3a/1ady .
U 31mech MOXKET CIIyIUTHCS, 9TO 00JIACTD ONPEJIe/IeHUs PE3YILTUPYIONIETO OIIePATOPa COCTOUT U3

OJIHOI'O HYJIEBOTI'O 3JIEeMEHTA. CsoiicTBa IIpou3BeieHN A OIIEPATOPOB yCTaHaB/IMBAIOTCA B 3aJa4€ @



Teneps j1auM onpejiesieHre 0OPATHOTO OIEePaTOPA.

Onpenenenne 6. [lycto T : X — Y. Oyuxnua S : Y — X HazbiBeTCs 0nepaTopom, oOpammvim
K oneparopy 1, ecin
1) D(S) = R(T) (31necw u nanee R(T') ectb MHOXKecTBO 3HadYeHnit dynknnu 1');

2) Ve e D(T) S(Tz) = x.

Eciin oneparop T B3anMHO ojiHO3HAYEH, TO OOpaTHBI olepaTop S cyinecTByeT u enuacTBed. (Ero
0bbruno obozHauaoT T~1.) On gBigercs JUHeHBIM olepaTopoM (CM. 3a/1atdy .

Sameuanue 2. HOTIA, OCOOEHHO /1711 HEOTPAHMIEHHBIX OIIePATOPOB, MpoIe paboTaTh ¢ BEKTOpa-
MH, & HE C OIIePATOPAMU B IEJIOM. B 9acTHOCTH, IyHKT 2) MPEJIBIAYINEro Olpe/ieeHus yiao0Hee, YeM
BKJIIOUEHIEe

ST C FEx.

Hpumep 4. Hycrs X = Cla,b], D(T) = {x € C*[a,b] | x(a) =0}, T = <. Tonoxum

DT H=X, (Tla)(t) = / x(7) dr.

[TocTpoensslit oneparop siBisiercs obpaTabiM K T (cM. 3ajad1y .

IIpumep 5. Ilyers X = (2. Tlomoxkum

3 5
A — ($u>2x@>ffl a® 27 )
9 7 3 J ? 5 YA

C ecTecTBeHHOi1 06/1aCTbIO Olpejie/ieHus (T. e. JIJIs TeX &, [Jld KOTOPbIX pesy brat jexkutT B [?). Torma,

OYEBHJTHO (CM. 381y , oOpaTHBIM K HeMy Oyzer onepaTop Al 3aganublii BbIpazkeHueM

(2) (4)
_ Y Y
A ly = (y(l)J 77 39(3)7 77 59(5)7 e )

Ha eCTeCTBEHHOH 00J1acTu olIpeJesIcHud.

Sameuanue 3. IBa npeblIyuX IpUMepPa MOKA3bIBAIOT, 9TO OIEPaTop, OOpATHBII K HeOrpaHu-

YCHHOMY, MOXKeT 6bITb KaK OrpaHMY€HHbIM, TaK 1 HCOI'PDaAHUYICHHBIM.
§ 2. I'paduk JmHEITHOTrO ollepaTopa. 3aMKHYTbhIE OIIePATOPbI

N3 Bcex nHeorpaHUYeHHBIX JTUHEHHBIX OIIEPATOPOB HAMOO0JIee BayKHbI C TOYKU 3PEHUA TTPUTOXKEHUI
1 HanOoJIee TTPOCTHI [T NCCTIeOBaHUS 3aMKHYTBIE OITepaTOpPhl. UTOOBI JaTh ONpe/iesieHne 3aMKHY-
TOI'O OllepaTOpa, HaM IOTPedYyeTCs BCIOMHUTE Olpe/iesieHre rpaduka OnepaTopa.

[Iycts X, Y — GanaxoBsl npoctpancTBa. Toraa MHOXKECTBO map
XxY={(zylzeXyeY}

Takyke oOpa3yeT JIMHEIHOe ITPOCTPAHCTBO, KOTOPOE CTAHOBUTCH OAHAXOBBIM, €CJIM HA HEM BBECTU

Gz, )1l = A/l l% + [lyll5- (3)
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Ounpenesnienne 7. 'pagurom G(T') muneiinoro oneparopa T : X — Y Ha3bIBa€TCs MHOXKECTBO
{(z,Tz) |z € D(T)} B upocrpancree X x Y.

Onpenesienne 8. Jluneiinbiii oneparop 7' HasbiBaercsa samkrymovim, ecau ero rpadpur G(T)
SABJIIETCH 3aMKHYTBIM MHOYKECTBOM B IpocTpancTBe X X Y.

Ha npakrtuke 6osiee yao0HO Japyroe ompejiesienne 3aMKHYTOrO orieparopa. BermomuuM ompe/ierie-
HUE 3aMKHYTOTO MHOXKECTBA B METPUYIECKOM ITPOCTPAHCTBE: MHOXKECTBO [N B METPUIECKOM ITPOCTPAH-
crBe M Ha3bIBAeTCs 3aMKHYTBIM, €CJIU Mpees Jioboil cxogimeiics nocaenosarenbiocru {z,} C N

JIe2KUT B V. Hle\leHI/ITeJIbHO K pacCMaTpUBacMOMY CJIydalO 9TO O3HadYaeT: €CJIn
(l’n,TZ'n) - (l’,y) € X x Yva
X Y,
9YTO B CHJIy HOPMUPOBKU PaBHOCHUJIBHO: T, — =, T'x, — Yy, TO

(z,y) € G(T),

T. e. x € D(T), y = Tx. Urak, mosrydaeM SKBUBAJCHTHOE

Onpepenenune 9. Jluneitnoiit oneparop 1T : X — Y Ha3bBaeTcd 3aMKHYTBIM, €CJIM JJI JIIOOO
nocseioBaresibHocT {,} C D(T) rakoit, uro z, Xz u Tz, 5y, sepuo: z € D(T), y =Tx.

IIpumep 6. OueBuHO, onepaTop U3 npuMepa [I| 3aMKHYT. DTO CJIe/lyeT U3 TEOPEMbI O TOUIEHHOM
muddepenimposanny GyHKINOHAIBHOM mocseoBareabrocT. (Ecim nocaemosarenbnocrs {z,(t)}
muddepeHImpyeMbIx Ha oTpeske [a, b] dyHKIui cxomuTest BCoy Ha 9TOM oTpeske K dbyHkmn x(t),
a IMOCJIeI0OBATEIBHOCTh UX TPOU3BOJIHBIX CXOJIUTCS PaBHOMEpHO Ha [a,b] k dyukiwu y(t), To x(t)
muddepenupyema u ' (t) = y(t) Beogy Ha [a, b].)

[TocKOJIBKY MBI paccMaTpUBaeM OlepaTopbl, 00JIACTH OlIPeIeIeHNsI KOTOPBIX HE COBIIAJIAET CO BCEM
POCTPAHCTBOM, UMEET CMBIC 3aaTh BOIPOC, IJIOTHA JIM OHA BO BCEM IIPOCTPAHCTBE.

Omnpenenenne 10. Eciu g smneitnoro omeparopa 1 : X — Y BepHo, 41O W = X, 10
ornepaTop T’ HA3BIBAETCH NAOMHO 0ONPEIeAEHHBIM.

OuesngHo, oneparop u3 npumepos [I] u [6] sBisiercs wioTHO OnpeeéHHBIM, & OLepaTop U3 IpH-
mepa {| — Her (mouemy?).

JlokazkeM erné HeCKOJIbKO MOJIE3HBIX YTBEePK ICHHIA.

Jlemma 1. Ilycte X, Y — GanaxoBbl npocTpaHcTBa. JInneitnoe muoroodpasue M B mpocTpaH-
cree X X Y (c nopmoii (3)) siBisiercst rpaduKOM HEKOTOPOTO JIMHEHHOTO OmepaTopa TOrjia U TOJbKO
Torja, Korja M He comepKuT smeMeHToB Bunia (fx,v), rae v # fy.

Jloxaszamenvcmeo. HeobxommmocTh odeBnIHA: TIOCKOIBKY T0x = 0y u JUHEHHBIH omepaTop siB-
JseTcs ofHo3HaYHON dyHKIwmeil, To (Ox,0y) € G(T) u apyrux saementos Buja (fx,v) B rpaduke
OBITH HE MOYKET.

Y100B! 10KA3aTh JIOCTATOYHOCTD, OIpenesnM JuHeiHbIi onepatop 1’ ero rpadukom. (Kcrarn,

9TOT IIOAXOJ MOXKET IIPpUMEHATHCA JIJIdA JIIOOBIX CbYHKHI/Iﬁ 1 IIO3BOJIAET CBECTU IIOHATUEC beHKLH/H/I
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K MOHATUIO MHOXKecTBa.) BosbMméMm B kadectse D(T) npoexuyuro muneliHoro muoroobpasus M Ha
IpocTpaHcTBoO X:

DT)={xeX|yeY (x,y) € M}

Jlerxo nposepurs (cu. 3azaty [§), aro D(T) — mmmeiinoe Muoroobpasme B X. Kpome Toro, xax1o-
my © € D(T) orBewaer poBHO ofHO Yy € Y Takoe, uro (x,y) € M. B camom jese, B IPOTHBHOM

cirydae UMesn Obl
(x,11), (z,y2) € M = {M — ;mneitnoe MuHOrOOOpasue} = (Ox,y1 —y2) € M,

9T0 TpoTHBOpednT ycioBuio. Urak, kaxkmomy z € D(T) Mbl MOXKEM MOCTABUTH B COOTBETCTBUE
eMHCTBEeHHBIH y € Y rtakoit, uro (z,y) € M. Iomoxum Tx = y. Ocranoch joKa3aTh, YTO TaK
OCTpOeHHast (DYHKIMS YJIOBJIETBOPSIET BTOPOMY IIyHKTY OIpeje/leHusl JTUHedHoro oneparopa. [liist
9TOr0 PAacCMOTPUM JiBe TOYKHU rpadura: (x1,y;), (e, y2) € M. Torma, mockoabKy M — sjuHeitHOE
MHOTOOOpasue, 10 (Axy + puxa, A\y1 + pys) € M mina mobbix A, pu € K. A 1o panee jokasaHHOMY
JIPYTUX TAKUX Y, 970 (AT] + uxe,y) € M, He cymecrsyer. 3uaqaut, T (Axy + pxs) = Ayy + py2, 910 1
TpeboBaIOCh. A

Caedcmeue. JluneitHoe mogmMHOr006pasme rpaduka ecTh rpaduk.

Jlemma 2. Ilycts T — 3aMKHYTBIA, A — orpaHUYeHHBIH JUHEHHBIE OLEPATOPHI, JIEHCTBYIOIINIE
u3 X BY, mpuuém D(A) = X. Torma T+ A — 3aMKHYTBIN JIHHEHHBIN ollepaTop.

Jlokasamenvcmso. Tor daxr, aro cymma (100X ) JIHHEHHBIX OMEPATOPOB €CTh JIMHEHHBII oepa-
TOD, JoKa3bIBaeTcs B 3a1a4e [2] Cpasy Haitném ero obsacts onpesesenus. CorsacHo onpesesiernto [
mveeMm: D(T + A) = D(T) N D(A) = D(T). Ocranoch JoKazaTh, 910 oneparop 1+ A 3aMKHYT.

Bocnonbsyemes onpenenennem [0l Tpebyercs nokasars, 4ro ecau
{u,} ©D(T+ A), up, —u, (T+Au,—v, (4)

TO
weDT+A) nu v= T+ Au.

[Tockonbky D(T) = D(T + A) n oneparop A orpanuder (a cjeoBaTeIbHO, HenpepbiBeH), u3 (|4))
MeeM:

{up,} < D(T), up—u, Tu,= T+ Au, — Au, — v — Au. (5)

Torpma, mockoabky T — 3aMKHYTBIN onepaTop, U3 nmeeM: u € D(T), Tu = v — Au. C yuérom
pasercrBa D(T) = D(T + A) orciona nonydaem: u € D(T + A), (T + A)u = Tu + Au = v, 910 1
TpeboBaIOCh. A

Taxke ObIBAET IOJIE3HO IOHATHE 0OPATHOrO IpaduKa.

Onpepesnenne 11. Ilycre T @ X — Y. Hazosém obpamnvim epagurom G'(T) oneparopa T
muoxkectBo {(Tx,x) | x € D(T)} B npocrpancree Y X X (onpeeéHHOM aHAJOIUIHO MPOCTPAH-
ctBy X X Y).



[TosesnocTs moHATHST 0OpATHOrO rpadUKa OLpE/IeIAeTCs CIELYIOMUM YTBEPKICHIEM.
Jlemma 3. Ecsm oneparop T’ o6parum, To ero rpacduk u o6parthblii rpaduxk oneparopa T~ cyTb
omHo 1 To ke Muokectso: G(T) = G'(T™).

Jokazamenvcmeo. Ionb3ysich onpenesenueM [0, nveem

u Jajee

CremoBaTesibHO,

G(T) ={(T"y,y) ly e DT} ={(T"y,y) |y € R(T)}, (6)

npudéM B cuity obparumoctu orieparopa 1 st kaxkaoro y € R(T) cymecrByer enuncrsentoe v € D(T)

Takoe, 9T0 y = 1'xr, MO3TOMY IENOYKY @ MOZKHO IIPOJIOJIZKUATDH TaK:
= {(T7(T0), T) | € D(T)} = {(a, T) | « € D(T)} = C(T).

A

Kaxk BugHO U3 omnpeeieHust obpaTHBI rpaduK MoIyIaeTcs u3 rpaduka mepecTaHOBKOM v1e-
MEHTOB KaxKJoii mapbl. [losromy B cuiay jemmbl [I] MOXKHO yTBep:KaaTh, 9TO JIMHEHHOE MHOrOOOpa-
sue M CY x X gBisiercst o6paTHbIM TpadUKOM HEKOTOPOIO JIMHEIHOTO orepaTopa (JIeficTBYIONero
u3 X B Y') Torja u TOJBKO TOIJIA, KOTJIa OHO HE COJEPIKUT 3JIeMeHTOB Bua (Y, Ox) ¢ y # Oy . [1o sroit
JKe TPUINHE AUHETHBIT ONepamop ABAAEMCA 3AMKERYMbLM M0206 U MOoAbKO Mo20a, k0200 3aMKHYM,
€20 0bpammoitl epaguxk.

W3 nocieiaero HabIroIeHUsT U JIEMMBI |3 Cpa3y BBITEKAET CJICIYIONIee BasKHOE yTBEPIK IeHUE:

JIemma 4. Eciu onepatop T’ obpaTuM, TO 3aMKHYTOCTh 1’ 9KBUBaJIeHTHa 3aMKHyTocTn 1 L.

[TockoJibKy B cumjly 3aja4du scarut onepamop u3 L(X,Y) (1. e. orpaHUYeHHBIN JIHHEHHBIH
oneparop u3 X B Y, onpe/iesiéHHbIi Ha BCEM X ) 3aMKHYmM, U3 JIEMMbI OJIyIaeM BayKHOE

Caedemeue. Oneparop, obparubiii oneparopy u3 L(X,Y), samkuyr. (B wacrHOCTH, OH MOXKET

6piTh oneparopom u3 L(Y, X).)
Sasaum /JIsi CaMOCTOSITEJIbHOTO PEIIeHUsT

1. IIpoBepurs, uro MHOKecTBO 3HaueHuit R(T') muneitnoro oneparopa 1 ecThb JHMHEHOE MHOTO-
obpa3sue.

2. IIpoBeputh, 9TO CyMMa U IIPOU3BE/ICHUE JIMTHEHHBIX OIEPATOPOB — JIMHEHBIE OTIEPATOPHI.

3. 1) Tlokasarb, yro smneitnbiii oneparop T' : X — Y umeer oOpaTHBI TOTIa U TOJIBKO TOT/IA,

korja ypasuenne T'xz = 0y ne uMmeer HeHyneBbx pemennii. 2) [lokazars, uto T~ aBiasgercs jmHeii-



ubiM oneparopoM 1 uto (T1) ™1 = T. (O6a oneparopa T u T~! He 06s3aTE/IBHO OrPAHUYEHBI U HE
00sA3aTeILHO BCIOJLY OIIPE/IC/ICHBI. )
Bameuanue 4. N3 pasencrsa (T~1)~! =T u n. 2) onpejesienus 06paTHOrO OlEpaTOpa BHITEKAET,

q9TO

Yy € R(T) T(T 'y) = y.

4. 3aBepmuTh paccmorpenue npumepa [
5. 3aBepiuTh paccMoTpenue npumepa bl
6. [Iycte S,51,5 : X =Y, T. 11,7, :Y — Z, R: Z — W. Iloka3ars:

1) R(T'S) = (RT)S (rakoit onepatop Mbl OyjeM 0603Ha4daTh 1pocto RT'S);

2) (aT)S =a(TS), a #0,u (07)S = 0(T'S) C T(0S);

3) EyS=SEx =S, tne Ex u Fy — eIMHUYHBIE OIIEPATOPHI B COOTBETCTBYIOIIUX TPOCTPAHCTBAX.
)

4) YkazaTb, KaKO€ U3 PaABEHCTB BEPHO, U UCIPABUTh HEBEPHOE PABEHCTBO Ha BEPHOE BKJIIOUYEHUE:

(T +T5)S =T1 S+ TS (7),

HeobxommMocTh 3aMeHBI paBeHCTBA BKJIIOUEHHEM OOOCHOBATDH € TIOMOIIBIO0 KOHTPIPUMEPA.

7. Tlokazarh, 4To oneparop U3 npumepa [2 3saMKHYT U IUIOTHO ONpe/IesEH.

8. [TokazaTh, 9TO MPOEKITHs JTUHEIHOTO MHOTOOOpa3ust B ipocTpancTBe X X Y Ha MpOCTPaHCTBO X
eCTh TaKXKe JINHEeIHOe MHOTroobpas3ue.

9. Ilycte T' — 3aMKHyTHII onepaTop. /lokazarh, uro jid jiroboro A € K oneparop T'— AE Toxe
3aMKHYT.

10. Jlokazarh, 9TO OrpaHUYEHHBIN OllepaTop 3aMKHYT TOIJIa U TOJIHKO TOIJIa, KOrua ero o0/1acThb
OIIpe/ie/IeHUs 3aMKHYTA.

11. JlokazaTb, 9TO 3aMKHYTBI JTUMHEHHDBIN ONEpPATOp, ONPEJIeJCHHBIN HAa BCEM OAHAXOBOM ITPO-
CTpaHCTBE, OTPAHIIEH.

12. Jokazarsb, uro S C T torga u Tosbko Torma, korpa G(S) C G(T).

13. Jlokazark, 9T0 si/Ipo 3aMKHYTOI'O OllepaTopa siBJISIETCA 3aMKHYTBIM MHOYKECTBOM.

14. Tlycrs uzBectro, uto R(T') 3aMKHYTO 1 cymiecTByer takoe m > 0, aro mig Becex u € D(T)
BepHO ||T'ul| = ml|ul|. Jokasars, aro oneparop 1" 3aMKHYT.

15. TTose3ysach TeM pakTOM, YTO equHuYHas cepa B O6CKOHETHOMEPHOM OAHAXOBOM ITPOCTPAH-
CTBE HEKOMIIAKTHA, MOKA3aTh, YTO B TAKOM IIPOCTPAHCTBE OIEPATOD, OOPATHBII BIIOJIHE HEIPEPbIB-
HOMY, HE MOKeET 6bITb OrpaHHY€H.

16*. Jlokazarn, uro ecau omeparop 1 : X — Y saMKHyT, TO U3
{u,} < D(T),up, ~ue X, Tu, ~veY

caeayer u € D(T), Tu = v.
17. IlpuBectu nmpumep 3aMKHYTOro JinHeiiHOTo oneparopa T’ u nocienoBarenabuoctu {z, } C D(T)

Takoit, aro x, — = € D(T'), {Tx,} ne cxomures.



