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Jlekuug 9
AJJIUNIIC, TUIIEPBOJA U ITAPABOJIA

§ 1. KaHoHnYeckoe ypaBHeHMe JJIMIICA

Onpenenenue 1. Jnauncom Hasdvieaemes eeomempuiecKkoe mecmo
mouexk M Ha naockocmu, CYymma paccmosHuil om Kaxcdoi u3 KOmopvLx
do dsyx ¢ukcuposarnvix mouek Fy u Fy, nHasvieaemoix pokycamu ariun-
ca, ecmov NOCMOAHHAS BEAUMUHA, KOmMopas OOAbLLe PACCMOSHUSL MeH Oy
gorycanu.

Ay
b M

I )

A\AS)

Fi(—¢,0) F(c,0)

Puc. 1. Daunc B KaHOHUYECKOH cHCTeMe KOOpAHMHAT.

aMeuanue 1. 3amMeTuM U3 pucyHka l, uto us tpeyrosvHuka AF| M Fy
BBbITEKAEeT, UTO 3Ta CyMMa PaCCTOSHUH He MOXKET ObITb MeHblle PacCTOSHUSA
Mexny ToukaMu F)Fy. C n1pyroil CTOPOHBI, 3Ta CyMMa pPacCTOSTHUH MOXKET
OBITb pPaBHA PACCTOSIHUIO MexXIy Toukamu FiFy — torga Touka M JexuT
Ha oTpeske [FFy).

Oco6eHHO NPOCTO YpaBHEHHE JJIMIICA 3aMIUCHIBAETCS B TaK Ha3blBa€MOH
MpaBoi OPTOTOHANBHON NeKapToBO# cucTeMe KoopauHart. [lyers {O,1,j} —
9TO MPSMOYroJibHasi MpaBas JAeKapToBa CHCTeMa KOOPAUHAT, MOJydYeHHas
caenyomuM obpasom: Touka O siBJseTcs cepelUHON oTpe3ka FjFy, 06-
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pa30BaHHOTrO YKa3aHHBIMH B OMpelesieHUH qannca (okycamu Fy u Fy; B
KayecTBe OpTa i BO3bMEM BEKTOP

—

. Iy

i=—

—
’Fl 7

k]

a OPT j OPTOrOHAJIEH BEKTOPY 1 M TAKOH, YTO HA 3aJaHHOH IMIOCKOCTH 6a3uc
{i,j} siBasteTcs mpaBbIM.

Onpenenenue 2. [Tocmpoennas npamoyeorvras Oekapmosa cu-

cmema koopdunam {O,1,j} Hasvleaemcs KaHoOHU1ECKOL.
Sameuanue 2. TakuM 06pa3oM, B KaHOHHUECKOW CHUCTEME KOOPAMHAT
{0,1,j} oce Ox mpoxonut uepes ¢okycs FiFy ¢ MOJIOXKHTE/IBHBIM  Ha-
TpaBJeHNeM, COBMAJAMOIINM C HanpaieHneM Bektopa FiFy. Oce Oy nep-
nenaukyssippa ocu Ox W mosydaercs Ha 3afaHHOH OPHEHTHPOBAHHOH B
MPOCTPAHCTBE MJOCKOCTH (Ha KOTOPOH JIEXKUT JIUIC) MOBOPOTOM ocu Ox
Ha yroJ /2 MPOTHB 4aCOBOH CTPEJIKH.

BboiBOA KaHOHHYECKOrO ypaBHEHHs 3JJHICa B KaHO-
HHYeCKOH cucTeMe KoopauHaTt. [lycTe B KaHOHHUECKOH cHcTeMe
koopruHat {O,1,j} dokycsl F| u Fy ajunca UMEIOT CJIeAYIOLIHe KOOPIH-
Hatbl F(—c,0) u Fy(c,0), a Touka M (z,y) — 3T0 TOUKa NpUHAIJEXKALILAS
sanuncy. CoryiacHo OmpelesieHUI0 AJIUICa UMeeM

jﬂ—)M‘JerQ_)M‘:zwo, (1.1)

bl = oo, [ = oo,

NPUUEM MO omnpeliesleHHI0 dJJunca umeeM 2a > 2c¢. Ilocne usbasnenus ot
pa¥KaJoB MBI MOJYYHM TaKoOe ypaBHeHHe

rue

8o
8o

I A (1.2)

npu4éM a > c.
O JleficTBUTEJbHO, UMEEM CJEAYIOILYI0 LIeMOYKY BblparKeHHH:

\/(x+c)2+y2 +\/(xfc)2+y2 =20 &
B e rer N e e
:>($+c)2+y2:4a2—4a\/m+(x—c)2+y2®
& dae = 4a® — day/(x — )2 + 42 @xc:aQ—a\/m:

= (zc— aQ)2 = aQ((x — 0)2 —|—y2) &

22 — 2xca® + at = a*y? + a®’2? 4 a’P — 2d’xc &

=T



4 Jlekuus 9. dnaunc, runep6osa u napabdosa

2 2
& (a? = )t + ¥y = d*d® - &P) > :E—Q + 4

=1. X
a a? — 2

Beeném oGosnauenue b := v/a? — ¢, Torna ypasHenue (1.2) npumMeT OKOH-
YyaTeJ/bHbIH BUJI

—2+—:1, a>b>0. (1.3)
Ham Hy»XHO Ternepb 10KasaTb, uTo Bce Toukd M (x,y), yHoBJaeTBOpsOLIHE

ypaBHeHuto (1.3), ynossnerBopsitoT ypaBHeHuto (1.1).
O Jle#icTBUTENbHO, BBEIEM IKCLUEHTPUCUTET

e=CS<l. (1.4)
a

, 2
’FIM‘Z\/(I—I—C)Q—I—Z/ :\/x2+2xc+02+b2 (1—%) =
b2
= (1—2)x2+2xc+02+b2.
a

2
)FIM‘:\/(I%)xQJerchcQerQ =

= V22 4+ 2cax +a® =|ex+a| =ex+a >0, (1.5)

mockogbKy || < a 1 0 < & < 1. AHanoruuHelM 06pasoM MoJyyaeM paBeH-
CTBO

2
’FQM‘:\/(JJ—C)Q—FZ/ :\/x2—2x0+02+b2 (1—%) =

v c?
= <l_§> 22 —2zc+ 2+ = a—2x2—2xc+a2 =

=22+ 2z +a® =lex—al=a—cx >0. (1.6)

[TosTomy
‘F]M"’“FQM’ =er+a+a—cr=2a K

Dopma snaunca. 3ameTuMm, 4to U3 ypaBHeHusi (1.3) BeITekaer

2] <a, Jy[ <D
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O JleHCTBUTENbHO,

2 2 2 2
z Y z Y
CJief0BaTe/IbHO, 3JIIUIC PACHONOXKEH B 3TOM MPSMOYTOJNBHUKE.
JdupekTtopuanbHoe CBOHCTBO 3agaunca. M3 ypaBHennit

(1.5) u (1.6) BBITEKAIOT paBEHCTBA:

a vy
|r1|:’F1M‘:a‘+x€:5(*+x):€d1:>7:€’
€ d;
a r
|ro| = ’FQM)Ia—x5:s<——x> :5d2:>M:6.
€ dy
JlokaxkeM, 4to d; — 3TO paccTosiHue oT Touku M (x,y) 1o mpsmMol x = —

—a/e, a dy — 3to paccrosinue ot Touku M (x,y) mo npsiMoit © = a/e.

AY
a a
M (=Z) b e ()
®
dy dy
ry 1)
@) a xr
_a Fl(_c70) FZ(Ca 0) a
€

Puc. 2. dnaunc v ero AMpeKTPUCHL.

O JleficTBUTeJBHO, CHaYa/ a HAaHAEM PACCTOSIHHUE OT TPOM3BOJIBHOH TOY-
Kd M(z,y) sanunca B KaHOHHYECKOH [E€KapTOBOH CHCTeMe KOOpAHHAT
{0,1,j} no npsimo#t [, 3amaHHOl ypaBHEHHEM

r=—-.
€

C 9TOH 1esbIo OMYCTHM MEPNEeHIUKYAsp U3 ToukH M (z,y) Ha 3Ty TpsAMYIO.
Touka M nepeceuenus npsiMmoit [; ¥ 3TOr0 NMepPHeHAUKYJsIpa UMeEeT KOop-

JIIUHATHI a
M <f—, )
1 - Yy
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Ho Ttorma uickomoe paccTtossHHE paBHO

— a\? a] a
di = [ M| = \/(:c+) -y =+t =24a,
€ el ¢
MOCKOJIbKY f/1s1 Touek M (z,y) annnnca umeeM || < 1 ue € (0,1). Haitném
Tenepnb paccTosiHue ot Touku M (z,y) 1o npsiMoi lg, 3alaHHOl ypaBHEHHEM

r = —.
9

C 9TOH LeJbI0 OMyCTUM MePreHInKyasip u3 Toukd M (x,y) Ha mpamyo lo.
[Tycte My — 3TO TOUKa TepeceueHus NePHeHANKYJsIpa U IpsMoH ly. Torna
touka My vMeeT cJienyolIde KOOPAUHATHL:

)

Ho Ttorma uckomoe pacctosiHUE paBHO

—_ 2
o= = [~ o =2
€
MOCKOJIbKY 1J1st Touek M (x,y) snnurca uMeeM
|z <a n e€(0,1). K

Onpenenenue 3. [Ipamoie, 8 KaHOHUUECKOU cucmeme KOOpPOUHAM
umeroujue YpasHenus r = taj/e, Hasvl8arOmces OUpeKmpuUcamu.
Teopema 1. Omuowenue paccmosnus |r;| om gokyca F; do mouku
M (z,y) aaaunca k paccmoanuto d; om amoii mouku 0o coomsemcmsy-
rowetl dupexmpucol npu j = 1,2 8 kKaHoHuueckol cucmeme Koopouram
ecmov 8eAUNUHA NOCMOAKKAS, PABHAA €.

§ 2. KaHoHHnYecKoe ypaBHeHUE TunepooJbl

Onpenenenue 4. [unepboroti Ha3visaemcs eeomempuieckoe me-
cmo mouex M Ha naockocmu, MoOyrb pasHoCmu pacCcmosHUL om Komo-
poii do dsyx ¢urcuposannoix mouex Fy u Fy, Haseieaemoie noarrocamu,
ecmov 8eAUMUHA NOCMOAHHASL, MEHbULAS PACCMOAHUSL Men Oy GoKycamu u
He PABHASL HYNIO.

Sameuanue 3. OTMeTHM, YTO reoMeTpryeckoe MecTo Touek M Takux,
qTo

[ = R = iy

— 3TO /IBa Herepecekaouxces ayda npamoit (F)Fy), HCXOMAMX U3 TOUEK
Iy u Fy v npoTUBONOJIOXKHO HanpasJjeHHbIX. Kpome Toro, reomerpuueckoe
MecTo Touek M : . .
] ] =0

— 3TO mpsiMast, POXOAsINas yepes cepeirHy orpeska [F)Fy| u mepreHon-
KYJISIDHO 9TOMY OTpE3KY.
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M}
M F F, M F Fy

Puc. 3. MckaounTenbHble caydan.

Onpenenenune 5. KaHoHuueckoil cucmemoil 0exapmosoulx Npsamo-
yeoavHbLx KoopOunam Hasvieaemcs ma e cucmema koopounam {O,1,j},
4mo u 8 cayuae IAAUNCA.

Ay

b I

ro

Fi(—¢,0) @) a|f Fx{c,0)

b
\ &

Puc. 4. 'unep6osia B KaHOHUYECKOH CHCTeMe KOOpAMHAT.

YpaBHeHue runep6OJBl B KAHOHUYECKONH CUCTeMe KO-
opaunat. CoriacHo onpeneseHHI0 D5 KOOPAUHATH (DOKYCOB HMEIOT BHJ
Fi(=¢,0) n Fy(c,0). Torga paccTostHUsI OT NPOM3BOJbHOH Touku M (z,y)
runepOosbl 10 (POKYCOB UMEIOT CJeIyIOLUN BUA:

ril = |FM| = @+ 2 +y2, el = [BM| = (@ - ) +42.
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TOI‘[La COIJIaCHO oIlpeaeJeHHI0 4 umeeM
Vater+y —\Ja-c2+y
YHHUTOXUB pangyKaJbl Mbl MOJYYUM PAaBEHCTBO

o Y
gl (2.2)

=2a>0, a<ec. (2.1)

O ﬂ,eﬁCTBHTe.HbHO, HUMEeT MEeCTO cJjeAyrollasa Lernodyka paBeHCTB:

=2a, 2a<2c=

'\/(IJFC)QJFZIQ —\/(fﬂ—c)“ry2
:’\/(“C)“ry? —\/(w—c)2+y? =+2a =
=S @+l +y=4d>T4a\/(z -2+ + (x—0) +f =

= 4rc=4a’ +4ay/(z — )2+ = (ze—ad®)? =ad*(z — )’ + %) =

= 228 + a* — 2xcd® = a®a® + a*y? + d’ P — 2zed® =
2 2

= — — — = — — — 1. &
X (C a ) a y a (C a ) 9 02 D)

Beeném o6osnauenue b> = ¢ — a’ U TOJTYUMM MCKOMOE ypaBHEHHe

2 2
Y . (2.3)

az b2
O6parHo mokaxewm, 4To U3 ypaBHeHust (2.3) BbiTekaer ypaBHernue (2.1).
O JleficTBUTENBHO, CHAUYa/la BBEIEM IKCLEHTPUCHUTET

c
g€:=—>1.
a

.2 22
lei* = ’F1M‘ =(@+c)l+yi=(v+c) +8’ <¥ — 1> =
2 LR 2 2
="+ 2xc+ ¢+ a7 — b =¢e"r" + 2aex +a” = [ex +al”. (2.4)
a
AnanoruunbiM 06pasom misi pokyca Fy(0, ¢) mosydaeM cepyoLLyo Lernoy-
KY PaBEHCTB:

2 2
Irof* = ’FQM‘ =(@—cl+y*=2"—2xc+c+ b <%1) =
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b2
= <1 + F) 2? = 2xc+ & — 0 = e%a® — 2eax + a® = |ex —al*.  (2.5)

3amertuM, 4uTo |ex| > |x| > a 1 nostomy u3 popmya (2.4) u (2.5) BeITeKaOT
paBeHCTBa

ze + a, ecau x> 0; TE — a, ecan x> 0;
i = re| =
—xe —a, ecain x <0, —x€ +a, ecan x <0,
(2.6)
Takum o6pa3om, U3 paBeHCTB (2.6) UMeeM
[ry| = |ro| =2a, ecam x>0,
[r1| = |ro| = —2a, ecmm z <O.

C.HE[LOBaTeJIbHO, BO BCeX CJaydaax
||I‘1| — |I‘Q|| =2a. K

Auvanus Gopmb runepboas. M3 ypaBHenus rumepGosbt (2.3)
BBITEKAET PABEHCTBO

2 2 2

x
a? b2 a?

2 2 2y
y2:b2<x—21):>|y|:b\/x—21:bi| lfa—2<—|x\.
a a a T a

Orciofa BbITEKaeT HEpPaBeHCTBO

> 1=z 2 |d = |z] > a.

b b
——r<y< -z mupu |z|>a,
a a

a cayyaio x = +a cootBercTByeT Tosbko y = 0. OGe BeTBU runep6oJbI
JieXKaT BHYTPH 00JIACTH, 3aKJIIOUEHHON MeXKAy ABYMS NPSAMBIMH

b b
- == 2.7
Y a% Y an (2.7)

¥ BHE MOJIOCH! || < a. DTH TpsIMBIE SIBJISIOTCS aCUMITOTAMH THITEPGOJIBL.
O JleHCTBHUTEJbHO, HMeeM

] a |z la?> _ /1 B

:bm—a—biJrﬁ i . X
a 2 |z ]

JdupekTopualbHOe CBOUCTBO TUNepPOOMBI. 3aMETHM, 4TO
dopmyiibl (2.6) MOXKHO 0ObEAHHUTD CJELYIOUIUM 006Pa30M:

{ it e a0, 28)
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Iri| =e(—z —a/e)

{ Its| = & (—z + a/2) mpu  x < 0. (2.9
AY
a a
M, (*?y) dy M, (QQ) ds M
r
Iy

Fi(—c,0) a @) @ Fyfe,0) x
c— z *

Puc. 5. Tunep6osia U €€ TUPEKTPHUCHI.

JlaguMm ompenesieHue.
Onpepenenue 6. [Ipamvie, 3a0arHble 8 KAHOHUUECKOL cucmeme
koopdurnam {O,1,j} ypasrenusmu

a
r=+-,
€

HA3bl8AIOMCS OUPEKMPUCAMLL.
CnpaBen/inBa cjefyiouiasi TeopeMa:
Teopema 2. Omnowenue paccmosnus |r;| om ¢okyca F; do mouku
M (z,y) eunepboasl k paccmosmuio d; om amoti mouku 0o coomsemcmasy-
roujeti dupekmpucol npu j = 1,2 ecmo 8esuuunHa noOCMoOAHHARL, pABHASA €.
JoxasaTeabCcTBO.
Haiiném paccrosinue or Ttouku M (z,y) rumepGosbl B KaHOHHYECKOH
nekaptoBo# cucreme koopaunat {O,1,j} no mpsiMoi

lh: x=—-—.
€

OmnyctuM neprneHAuKyasp u3 Toukd M (x,y) Ha 3Ty npsmywo. [lyers M
— 9TO OCHOBaHHe 3TOrO MepHeHAUKYJsipa. DTa TOYKA HMEeeT CJeaylollye

KOOpﬂI/IHaTbI:
M, = (79 y)
1 €’ 9
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a paccrosiiie oT Touku M no mpsimoii [; paBHO

N an 2 a :v—l—g, ecau x> 0;
MO = /(e 4+ 2) + 9P = o+ 2| = .
€ € B R— ecn x <0,
€

NOCKOJbKY ecau = > 0, To a
x+—>0.
€

Ecnu xe x < 0, To 15t TOUeK runepOoJibl UMEEM —Z 2> @ U NP 3TOM

MOCKOJIbKY € > 1.
Haiiném Teneps paccrosiie ot Toukd M (x,y) runep6odibl 10 NpsiMOH

lo: z=-.
€

C 3TOH 1eJIbI0 OMYCTUM MEPNeHAUKYAAP U3 Toukd M (x,y) neprneHIukyJsp
Ha npsamywo le. Ilycte My — 3TO OCHOBaHHE 3TOTO MepreHAUKY/Aspa. DTO
TOUKA MMeeT CJIeAyIOlre KOOPINHATEHI:

a
M:(—, )
2 ng

Hckomoe paccrosinue ot Touku M (z,y) no mpsimoit [y paBHO

|W| \/ an 2 ( )2 a x—g, ecau x> 0;
€ vy € —x—i—g, ecan  x < 0,

MOCKOJIBKY IIpH T > 0 mast Touek FI/Il'Iep6OJIbI HUMeeM T > a U NMO3TOMY

x—gka—g:a<l—l)>0, e> 1.
€ € €

Ecnu xe z < 0, To msi Touek runep6osibl uMeeM T < —a MPH 3TOM HMeeM
a a
—r+-=>a+—->0.
€ €

Teopema nokasaHa.
BsaumHoO conpsAxKEéHHBE TUNEPOOJH.
Onpenenenune 7. [[ge eunepbonot

2 2 2 2

z Yy T Yy
TV 1w Y oy e=va2rw
az b a2 b ’
HA3bLBAIOMCS B3AUMHO CONPANCEHHOLMU.
HerpynHo 3ameTHTb, 4TO (DOKYChl CONMPSIKEHHBIX TMIEPOOJ JiexkaT Ha

OKPY?KHOCTH
|z] =c= a2+ b2.
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AY
F5(0,¢)
b
Fi(=c,0) 0) alffl F(c,0) x
Fll(oa _C)

Puc. 6. BsaumHo conpsizKéHHble TUIePOOJIBL.

§ 3. Kanonnueckoe ypaBHeHue napaboJibI

Onpenenenune 8. [lapaboroli Ha3vieaemcs ceomempuuecKoe mMHoO-
acecmso mouex M Ha naockocmu, paccmosinue om Kancdol u3 KOmopvlx
do Hekomopoti mouku F, nHasvieaemoil ¢oxkycom, pasHo paccmosnuro 0o
HeKomopou NPAMOL, HA3bl8AeMOL OUPEKMPUCOLL.

Sameuanue 4. OnycTuM U3 TOuKU F' MeprneHIUKYJsip HA OUPEKTPHUCY.
[lyects F} — 3T0 ocHOBaHue meprneHAukyaspa. [lyctb Touka O — 370
cepenuna otpeska [F) F], a BekTop

—_—

i:= L_F; 3.1)
rava
EnvHUUHBIN BeKTOp j BbiGepeM OpPTOTOHAJIbHBIM BEKTOPY i TaKMM 06paszom,
4YTOOBl YNOPSAOYEHHAsl 1BOMKa {i,j} Obly1a TIpaBo¥ Ha 3afaHHOW OpPHEHTH-
POBAHHOMU MJIOCKOCTH.
Onpenenenune 9. Kanonuueckoti dekapmosoli npsamoyzorvHol cu-
cmemolil koopdunam nasvieaemcs cucmema koopdunam {0, 1,j}.
YpaBHeHHe mapaboJbl B KAHOHHUYECKOH cHUCTeMe KO-
opaunat. U3 onpenenenuss 9 BbITeKaeT, YTO B KAHOHUUECKOH CHCTEMe
KOOp/IMHAT

F(p/2,0) — dokye, z= —g — YpaBHeHUe IUPEKTPHUCHI.
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Ay

M, <_ 7y> M (z,y)

N3

\

Puc. 7. [1apa6o/sia B KaHOHHUECKOH CHCTeMe KOOpPAHMHAT.

[lycts M (x,y) — npousBoJbHas Touka napadossl. Torna

|- G5 o

Haiiném paccrosiiue ot mpou3BosibHON ToYkH M (x, y) mapaGoJibl 10 AUpeK-
TPUCHI

p
rT=—c.

2
[lycts M; — 9T0 OCHOBaHHE MEPNEHIUKYAAPA, OMYIIEHHOTO W3 TOUKH
M (z,y) Ha nupektpucy. Torna Touka M| uMeer KOOPAHHATEI

p

M, = (——, ) .
2 y

Paccrosinue ot Toukd M (z,y) 00 AHPEKTPHUCHI PABHO

| = e+ ) = e+

CorsiacHo onpeneseHdto 8 napabosibl €€ ypaBHeHHe UMeeT CelyIOMHH BUL:

| o
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13 KOTOPOrO BHITEKAET ypaBHEHHe
2 = . (3.3)

O6patHo M3 ypasHenus (3.3) nmeem

§ 4. KacareabHble K 3jaurncy, runep6ose u napadoJie

Onpenenenune 10. Kacamervroti k arsuncy Hasvi8aemcs npsamas,
umerwas ¢ INAUNCOM eOUHCMBEHHYIO 00WYI0 MOUYKY.

BriBox ypaBHeHHSs KacaTenbHOH K saaunncy. Heobxonu-
MO M JIOCTAaTOUHO HAHTH YCJIOBHUS CYL1eCTBOBAHHUS €IWHCTBEHHOIO pelLleHHs
ceyiollell CUCTeMbl YpaBHEHHUH:

xQ > T = xg+ It
CnpaBeJIMBO CJeyIolllee PaBEHCTBO:
2 2 2
5 Y xol  yom 9 (1 mo\
a2+b2+2t<+b2>+t ( +b2>_1. (4.2)

[Tycts Touka Moy(xo, yo) JEKHT HA IJJIMICE, TOTAA MPUXOAUM K CJEIyHO-
ILIEMY YCJIOBHIO

% + Zg — 1. (4.3)

Kpome Toro, torna umcsio ¢t = 0 H0/KHO ObITH €IHHCTBEHHBIM pelLIeHHEM
KBazpaTHoro ypaBHeHusi (4.2). CienoBatesibHO, PUXOAUM K PaBEHCTBY

xol  yom
— + =——=0. (4.4)
a? b?
B KauecTBe HampaBJsiOIIEr0 BEKTOPA UCKOMOK KacaTeJbHOH MOXKHO B3SiTh
yuc/a
W T
CN -T2

Torna ypaBHeHHe KacaTe/bHOH MUMEET CeAYIOUIUH BUA:

T—%o _Y— Y T—%o _ Y— Y

I m Yo/b?  —wo/a?

€Z
& Do —a0) + 33y~ 90) =0. (45)
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B cuny nepsoro paBeHcTBa M3 (4.3) MPUXOOUM K MCKOMOMY ypaBHEHHIO (B
KaHOHMYECKOH CHCTeMe KOOPAHHAT)

20 . YYo
a? b2
Onpenenenue 1l. Kacamenvroil k eunepbose nasdvieaemcs nps-
mas, umeroujas ¢ eunepbonoll eOuHCmeenHHyro obujyro MoYKy u He na-
painesvras acumnmomam eunepboibl.
YpaBHeHUe KacaTeJbHOH K runepbose. YpaBHeHHe Kaca-
TesbHOH K Touke Mo(xo, yo) TUIepOOBl B KAHOHUUECKOE CHCTEME KOOPIIH-
HaT MUMeeT CJeyIOIHH BUL:

— 1. (4.6)

rro  YYo

O JlefiCTBUTENBHO, UMEIOT MECTO CJEAyIOLINe ypaBHEHHUS

D) 2

T r=2x lt;
S St (4.8)
a b Y = Yo + mt,

[Tocsie moaCTaHOBKY ypaBHEHUsI MPSIMOK B ypaBHEHHe TMIEPOOJIbI MOJyYHM
cJlefyIoliee PaBeHCTBO:

2 2 2 2
Ty Yy lzg  myo l mo\ o
§_§+%<E""ﬁ>+<?_ﬁdt_L 49

[TorpeGyem, urodnl Touka My(zg,yo) TpHHAmIEKana Turepbose, TOraa

MOJIyYHM PaBEHCTBO ) )
%o
a? b2 ’

B CHJIy KOTOporo umeeM u3 (4.9) mosyuuM cjenyioliiee ypaBHeHHUE:

2Bt + At? =0, (4.10)
rue
2 m? lxg  myo

CoriacHo OonpeneJieHHIo 11 kacatenbHas K FI/Il'Iep6OJI€ HenapadJijesabHa
ACUMIITOTAM, IMO3TOMY BEKTOPbI

a; =ai+bj, ays=ai—>bj
He KOJIIMHeapHbl HaMpaBJISIOLIEMY BEKTOPY KacaTeJqbHOH
a =li+mj.

CJeoBaTeJIbHO,

A#0.
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[TosTOMy HEOOXOAMMBIM M JOCTATOUHBIM YCJOBHEM, 4TOObI CHCTEMa ypaB-
Henu# (4.8) umesna enuHcTBeHHOE perienne t = 0 — 3To yc/0BUE, YTOOHI
ll‘o myo
p=—22_T0_, (4.12)
a b?
B kauectBe kKoopauHat {l, m} HampaBJsIOIEr0 BEKTOPA KacaTeJNbHON MOXK-
HO B3SITh CJIEIYIOIIHE y .
0 0
b a
Hrak, ypaBHeHHe KacaTeJbHOH UMeeT CJAeAYIOIIUN BUM:

T — o Y—Yo r—To Y—UYo

I m yo/b>  x0/a’
o Yo Tox Yoy

Onpenenenue 12. Kacamearvrnot k napabonre Hasvieaemcs nps-
mas, umerouias ¢ napaboioti eOUHCMBEHHYI0 MOUKY U He NAPaslefbHAs
ocu napabonoL.

YpaBHeHUe KacaTeJabHOH K mapaboJe. YpaBHeHHe Kaca-
TesbHOM K Touke My(zo, yo) MapaGosibl B KAHOHHYECKOH CHCTEeMe KOOPIUHAT
UMeeT CJeAYIOWHH BUL:

Yo = p(z + o). (4.15)

O [eficTBUTe/bHO, OyfieM HCKaTh €IUHCTBEHHOE pelLIeHHe CHCTEMBI
ypaBHeHUH
T =z + It

Yy =yo +mt, (4.16)

Yy =2pz wu {

[Tocne moncTaHOBKH ypaBHEHUS NPSMOH B ypaBHeHHe NMapaboJibl MOJYy4HM
cyefyiollee ypaBHeHHe:

Y2 + 2myot +m>t> = 2pxg + 2plt. (4.17)

[Torpebyem, 4TOOHI y
Yo = 2pxy. (4.18)

CorsacHo omnpezeneHdio 12 nMeeM HanpaBJsIOMIMHA BEKTOP MCKOMOW Kaca-
TeJbHON
a=Ii+mj

He NO0JI2KEH OBbITb KOJIJIMHEapeH BEKTOPY
a] = i,

KOTOpBIF CoHamnpaB/eH ¢ ocbio napabosel. CienosarensHo, m # 0. Urak, ¢
yuétom (4.18) u3 (4.17) mosyuum ypaBHeHHe

m?t2 + (myo — pl)t = 0. (4.19)
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[Tockoabky m # 0, To mJsi CyLeCTBOBAHHUS €AMHCTBEHHOrO pelueHus ¢ = 0
NocJ/ieIHEero KBaJpaTHOTO ypaBHEHHsI, HEOOXOAUMO U JIO0CTATOUHO, YTOObI

myo — pl = 0.
Torna B KauecTBe KOOPAHMHAT HAMPABJSIOLIETO BEKTOPAa HCKOMOH KacaTeJib-
HOW MOXKHO B3SIThb %
==, m=1.
p
Hrak, ypaBHeHHe KacaTe/bHON UMeeT CJeAYIOUIMH BHM:

r—Xo Y—Y r—To Y—Y
= PN =
l m Yo/p 1

2
@@(y—yo)zz—ﬂﬁo@%:x—:ﬂ0+y—°::p—:po+2xo@
p p p

=

< yyo =plx +x9). X (4.20)

§ 5. OnTuueckue CBOWMCTBA 3JIUIICA, TUTIEPOOJBI U
napab6oJibl

Onrtuyeckoe CBOHCTBO 3JJUINCA.
Teopema 3. @okasvrole paduycvl npoussosvroti mouku My arsunca
COCMABAAIOM pasHble Yeabl ¢ KacameavHol K aaiuncy 8 mouke M.
JlokazaTeabCTBO.

Dy

Fy

Puc. 8. OnTHueckoe CBOHCTBO 3JIJIMIICA.

Beiuucnn paccrosinue ot ¢okycoB F| U Fy 10 KacaTenbHOW B TOUKe
My (0, yo). TTockosbKY ypaBHeHHE KacaTeJbHOH B KAHOHHUECKOH cuCTeMe
KOOpPAUHAT UMEET BUJL

P TTo | YYo

2 T b
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a (okychl uMetT KoopauHatel Fi(—c, 0) u Fy(c,0) uMeloT MecTo paBeHCTBa

’Eﬁ’: [(=¢) - xo/a® +0-yo/b* — 1] _ lexo + al _
a3 /at + y2 /bt ay/xd/a* + y3 /bt
_ exg+a _ |ry|
ay/adfat + 3 /0t ay/xd/at + 42 /bt
Orcrona
_ RDi| |RDi| |
sinay = = =

ol il et 2t
1Mo ay/xg/at 4+ y5/

AHajiornuHbIM 00pa3oM MOJyYaeM PaBEHCTBO

2 2
’FQ—I)Q)’:’C.IO/G +O'y0/b —1‘: \exo—a| _
\J @3 /at + y3 /bt ay/xd/a* + g3 /bt
- a — EXg o |I‘2‘
ar/xdfat +y3/b*  ay/ad/at + yi /bt

Otcrona BbiTeKaeT paBeHCTBO

—_ —_
’FQDQ‘ ‘FQDQ’ 1

oLl el 2/ 4 24
2 Mo ay/xg/at 4 y5 /b

V3 paBeHCTBa CHHYCOB YIJIOB BbITEKAET PaBEHCTBO YIVIOB.

Teopema nokasaHa.

Ontrnyeckoe CBOHCTBO rUnNepoOOMH.
Teopema 4. okarvrole paduycolr npoussorvroli mouku My eunepboaot
COCMasAaiom pasHovle yeavl ¢ KacameavHou K eunepboise, nposedenHol
yepes mouxy M.

JlokaszaTenbCcTBO. YpaBHeHHe KacaTeJbHOH K Touke Moy(xo, yo)
runepooJ/ibl UMEEeT CJAENYIOWUN BUL:

ToT Yoy _ |

a? 2

[Tostomy paccrosiiue oT dokyca Fy(—c,0) mo 310l KacaTespHON pPaBHO

sinay =

ZToC
— . IR T
‘FIDI’ - 3 T 5 3 lezo +af = T Tz .3 ’FIMO '
Lo , Y Lo | Y% Lo |, Y%
@ e TR War T
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AY
My
D5 X
O 2 {
F 1 F,

Puc. 9. Ontuueckoe cBOHCTBO rUNepOOJILL.

a paccrosiiie ot (okyca Fy(c,0) mo ykazaHHOH KacaTeJbHOH paBHO

ToC
- 1’ 1 1

[

‘FQDQ’ - B T 3 3 lezo —a| = 3 B
Lo % /%0 % a0 %
at b at b at b

Takum 06pa3om, IPUXOAUM K CJeAYIOLIeH LenoyKe PaBeHCTB!

—_—
‘FQMO‘.

’FlDll ’F2D2’
sinay = = = sin ap.
’FIMO’ ’FQMO‘

Teopema gokasaHa.

OnTtrnueckoe CBOUCTBO mapabosbl.
Teopema 5. Poxarvnoiti paduyc npoussosvroil mouku My napaborvl
1 0cb napaboavl COCMABAAIOM pasHble Yyelovl ¢ Kacameavrol k napabosre,
nposedénroti ueped mouxy My.

JokazateabcTBO. M3 ypaBHeHHUs KacaTeJbHON

yyo = p(x + x0)

K mapa6oJie B Touke My(xo, Yo) BbITEKAET, YTO KacaTesbHasi epecekaeT 0Ch
aocupce Oz B Touke A(—x0,0).
CJ1e10BaTe/IbHO, C OIHOH CTOPOHBI,

|AO| = z9, |AF|=|AO|+ |OF] :xOJrg.

C npyroil cTOpoHbl, UMeeM COIVIACHO ONpeleseHHI0 napadoJibl

\MoF| = |MoD| = | MoC| + |CD| = zo + g.
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A Yy
(0%) MO
(0
A (6} B Q TL"
F

Puc. 10. OnTryeckoe cBOHCTBO MapaboJbl.

Takum o6pasom, |AF| = |MyF|. 3uauur,
/FAMy = /AM,F,

HO
ZFAMQ = ZDM()A = ZDM()A = ZAM()F

Teopema nokaszaHa.

§ 6. IlonapHbIe ypaBHEHHUS JJIUIICA, TUTIEPOOJIBI U
napao6oJibl

[TonssipHoe ypaBHeHHe mapaboJsbl. BBeméM MOJNAPHYIO CHCTE-
My koopauHat {F,i}, rne F' — 3710 Qokyc mapaGoJibl, a MOJspHAst OCb
onpeze/sieTcst BEKTOPOM 1 u3 paseHcTBa (3.1) M, B 4aCTHOCTH, COBMajgaer
¢ ocbio abcuuce O COOTBETCTBYIONIEH KAHOHUYECKOH MPSIMOYTOJIbHOM Je-
KapToBOH cucteMbl koopaunat {0, 1, j}.

Torma crnpaBem/iuBbl cienyoiide (GOPMYJibl, CBS3bIBAIOLIHE IEKAPTOBBI
KOOPIMHATHl B KaHOHMYeCKOH cucreme koopaunat {O,1,j} ¢ nossipHbiME
KOOPAHHATAMHU B TOJISIPHOH cHCTeMe KoopauHaT {F,i} ToYek MI0CKOCTH:

x —p/2 =rcosp, ©.1)
Yy =T7rsingp. ‘
CoryiacHO Ompefe/IeHHIo Mapabosibl HMEeT MeCTO PaBEHCTBO
r=ux-+ g (6.2)

13 dopmyn (6.1) u (6.2) BbiTeKaeT paBeHCTBO

r=p-+rcosy,
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Ay

Puc. 11. [1apaGosia B moJ/isipHOH cHucTeMe KOOpAMHAT.

13 KOTOPOTO M0JyuyaeM MOJIPHOE ypaBHeHHe 1apadoJibl

p
r=—— (6.3)
1l —cosgp
Sameuyanue 5. Ormerum, urto yriam ¢ =0 ¥ @ = 27 He OTBeyaer
HU OfiHa ToYka mapaboJbl. [1o3ToMy 3HaMeHaTesb B MOJSIPHOM YpaBHEHHH
napaboJibl He 00pallaeTcst B HOJb.

[TonsipHoe ypaBHeHue snaunca-l. Bubepem mossipuyto cu-
cremy KoopuuHat {Fy,i}, rme

—

. By

i=—

=
’Fl j2

k]

T. €. B KayecTBe IoJjioca BeibepeM JeBbll dokyc Fi, a B KadecTBe MOJSPHOH
ocu BbibepeM OCb aOCLHCC COOTBETCTBYIOILEH KaHOHUYECKOW NeKapTOBOH
cucremsl koopaunat {0, 1, j}.

CripaBe/inBbl CJIeAyIOLIHe (hOPMYJIbI, CBSA3BIBAIOLIHE 1€KAPTOBLI (1, y) U
MoJIsIPHblEe KOOPAHHATHI (T, () TOUYEK MJIOCKOCTH

T+ Cc=1Ccosy,
{ Y = 7 sin p. (6.4)
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Puc. 12. dnaunc B nossipHoél cucreme koopauHat { Fi,i}.

B KaHOHHMYECKOH mekapToBofi cucreme KoopauHat {O,1i,j} u B BbIGpaHHOH
MOJIAPHOH crcTeMe KoopauHat { Fy,i}.
Kpome Toro, crpaBensiuBo cjefyioliee paBeHCTBO /IS 3JJIHIICA

r=¢cx+a. (6.5)
V3 ypaeuenunit (6.7) u (6.5) BbITEKAET cjeayiomast [eMoYKa PaBEHCTB:
p
= — 3 = = —
r=ce(—c+rcosp)+a=r —

e
c
e=-<1, pi=—-ec+ta=———=—.
a
Takum 06pa3om, MONYUUIH MOJSIPHOE YPaBHEHHE JIJIMIICA
p b

c
_ _ - == 1 2 .
r — e € . <1, ¢€][0,2m) (6.6)

B MOJIAPHOH cHcTeMe KoopuuHat {FY,i}.
Sameuanue 6. [lockombky ¢ € (0,1), To 3HaMeHaTesb B MOJSIPHOM
ypasHenuu (6.6) saaunca HUKOraa He 06GpaIaeTcsi B HOJb.

[Tonsprnoe ypaBHeHue saaunca-lI. Beibepem nosspuyto cu-
cremMy KoopauHat {Fy,i}.

CripaBe/InBbI CJIeAyIOLIHe (POPMYIIbI, CBSI3bIBAIOLIHE NE€KAPTOBI (I, Yy)
NOJISIPHBIE KOOPAHHATHL (7, () TOUEK MJIOCKOCTH

X — ¢ =1Cosp,
{ Yy =rsing. (6.7)

B KaHOHHMYECKOH mekapToBofi cucreme koopauHat {O,1i,j} u B BbIGpaHHOH
MOJIIPHOH cHcTeMe KoopauHat { Fy,i}.
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b M
T
¢ a E}
FQ(C7 0)

Puc. 13. dnaunc B nosisipHoél cucrteme KoopauHat { Fo,i}.

Jlnst ssutvnica B BHIGPAHHOM MOJIAPHOE cucTeMe KoopauHat {Fy, i} crpa-
BeIJIUBO Cﬂeﬂ,y}OLLlee paBeHCTBO:
p b?

p=—. (6.8)

r=0—6x=>1r=——""—""7/—,
l +ecosep a

[TlonsipHoe ypaBHeHue runep6osb-1. Boibepem nossphyto
cucremy koopauuat {Fy,i}, rie
—
FiFy

1= —

—_—
’Fl 7

)

T.€. TOJIOC TOJSIPHOM CHCTEMbl KOOPAMHAT coBhagaer ¢ Qokycom Fy, a
MoJIsipHasl 0Ch COBMafaeT ¢ ocblo abeuuce Ox KaHOHMUECKOH NeKapTOBOM
cucrembl koopauHar {0, 1, j}.

CBsi3b [1€KapTOBbIX M MOJISIPHBIX KOOPAWHAT TOYEK IJIOCKOCTH HMeeT

CJAeqyIOUUH BUL:
X — ¢ =1Ccosp,
{ Yy =rsing. (6.9)

Jns npaBoii BeTBU runep6obl (x > 0)
r=¢cr —a. (6.10)

W3 ypasuenu#t (6.9) u (6.10) mpuxoaum K moJisipHOMY YpaBHEHHIO MPaBOH
BETBU T'UIEPOOJIBI

r=—"  p=—, 5:E>1 (6.11)

P b?
1 —ccosyp’ a

B MOJISIPHO# cucTeMe KoopauHat {Fy,i}.
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Puc. 14. Tunep6osa B mosisipHOH crcTeMe KoopauHaT { Fy,i}.

3ameuanue 7. OTMeTHM, YTO B NOJSIDHOI CHCTeMe KoopauHat {Fb,i}
ypaBHEeHHe MPaBOH BETBH TMIEPOOJIBI KOPPEKTHO MPH
a
cosp < — = —————— =:cos v,
£ a2 + b2
T. €. Korza
0 << 2m—1,

HO HMEHHO TaKUM yTJIaM ¢ COOTBETCTBYIOT TOUKH [PABOH BETBH THIIEPOOJIBI
B MOJISIPHO# cucTeMe KoopauHat {Fy,i}.
Jns neBoit BeTBU runep6osbl (z < 0) MMeeM paBeHCTBO

r=—cxr+a. (6.12)

[Tostom u3 paseHctB (6.9) 1 (6.12) nosyuum chenyiwollee MOJSPHOE
ypaBHEeHHe JIEBOH BETBH THUIEPOOJIBI:
P v’

- o, 6.13
g 1 +ecosy’ P=7 (6.13)

Sameuanue 8. Ypapuenue (6.13) neBoil BETBU THMEPOOJBI B MOJSPHOM
cucreme koopauHat {Fy, i} KOPpPeKTHO MpU yCIOBHH, YTO

1
cosp < -

HO MMEHHO 3THM YyIJlaM COOTBETCTBYIOT TOYKH JIeBOU BeTBHU I‘HHep60.HbI.



6. [loaaprole ypasHenus arrunca, eunepbosol u napaboso 25

AY

©
\ A

Puc. 15. Tunep6osa B mosisipHoH cucteme KoopauHat { Fi,i}.

[TonsspHoe ypaBuenue runep6oas-I1. Brbepem nonspryio
cucteMy KoopiuHat {Fj,i}, T.e. MoJIOC TOMSIPHOH CHCTEMBI KOOPIMHAT
coBnaznaet ¢ ¢okycom Fj, a nojspHas ocb coBmnajaer ¢ ocbio abcuuce Oz
KaHOHUYECKOH nekapToBo#i cuctembl koopauHat {O,1,j}. Cessb mekapro-
BBIX W NOJISIPHEIX KOOPAHHAT TOUEK IJIOCKOCTH HMeeT CJeIYIOMINH BHJI;

T+ c=1rcosy,
{ Yy =rsing. (6.14)

PaccMoTrpum cHauasa npaByto BeTBb & > 0. Torna nmeer MecTo caenymoliee
PaBeHCTBO:
p b
r=ert+a=>r=———— p=—. (6.15)
l —ecosyp a
Sameuanue 9. ITo ypaBHeHHe NPABOU BETBU IUNepOOJbl KOPPEKTHO MPH
YCJIOBHH, 4YTO

a
77
Va? + b?
HO MUMEHHO 3TUM ymaM COOTBeTCTByIOT TOUYKHU HpaBOﬁ BETBU FHH€p6OJH)I.

PaccmoTpum Teneps sieByio BeTBb runep6odsl (x < 0). [list 1eBoil BeTBH
CNPaBEeMJIMBO CJlelyIollee PaBEeHCTBO:

cosp > é =€ (—=9,9), cosd=

r:fsxfa:M":L. (6.16)
l +ecosyp
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Gameuanune 10. Dto ypaBHeHHEe KOPPEKTHO MPH YCJIOBHH, YTO
1
cosp > — =

HO MMEHHO 3THUM YyIJlaM COOTBETCTBYIOT TOYKHU JIEBOM BETBH I‘I/II'Iep60.HbI.



